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Abstract
We introduce an asymptotic length criteria on Tor0 and Tor1 of a pair of modules, via the Frobenius
map, to study positivity and non-negativity of Serre-intersection multiplicity over local complete
intersections and Gorenstein rings in the positive characteristics, when both modules have finite
projective dimension. We use this criteria to derive a sufficient condition for
(a) non-negativity over complete intersections when one of the modules has dimension  2, and
(b) non-negativity over Gorenstein rings of dimension  5.
We also show that the problem of intersection multiplicity on local rings (complete intersection,
Gorenstein, Cohen–Macaulay) in characteristic 0 can be reduced to local rings (complete intersec-
tion, Gorenstein, Cohen–Macaulay respectively) in the positive characteristics.
 2004 Elsevier Inc. All rights reserved.
In this note our main concern is on the question of positivity as well as non-negativity
of intersection multiplicity for a pair of modules, each having finite projective dimension,
over local complete intersections and local Gorenstein rings. As the title suggests, we will
study this and other related questions in the positive characteristics. However, in Section 3,
our main theorem will establish that similar questions in characteristic zero can be reduced
to the positive characteristics. Hence, in order to prove an extended version of Serre’s
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it will be enough to prove it in characteristic p > 0. For a brief introduction to the results
in Sections 1 and 2, we need the following set-up.
Let R be a local ring with maximal ideal m and residue field k = R/m.
We assume that k is perfect and R has positive characteristic p. Let us denote by
f :R → R the Frobenius map, f (x) = xp, for all x ∈ R. We denote by f nR the bi-algebra
R having the structure of an R-algebra from the left by f n (f repeated n times) and from
the right by identity, i.e., if α ∈ R, x ∈ f nR then α · x = αpnx and x · α = xα. By a free
complex F•, we mean a complex F• = (Fn)n0 of finitely generated free modules and we
write Fn(F•) = F• ⊗R f nR. For any module M , we write Fn(M) for M ⊗R f nR and for
any finitely generated module N write N˜ for HomR(H rm(N),E) where E is the injective
hull of k and r = dimension of N (henceforth dimN ). Let d denote dimR.
When projective dimension of M over R (henceforth pdR M) is finite (or pdR N < ∞),
Serre’s conjecture on intersection multiplicity can be generalized as follows (here we
assume (M ⊗R N) < ∞).
Vanishing Part. χ(M,N) = 0 whenever dimM + dimN < dimR.
Positivity Part. χ(M,N) > 0 whenever dimM + dimN = dimR.
Non-negativity Part. χ(M,N) 0 whenever dimM + dimN  dimR.
We introduced the notion of “χ∞” in [5] and obtained the following (here we are
collecting several results from [5]).
Result 1. Let R be a local ring in characteristic p > 0. Let M and N be two finitely
generated modules such that (M ⊗R N) < ∞ and pdR M < ∞. We define
χ∞(M,N) = lim
n→∞χ
(
Fn(M),N
)
/pn codimM
and
α∞(M,N) = lim
n→∞χ
(
Fn(M),N
)
/pndimN
(when dimM + dimN = dimR, χ∞ = α∞) we have the following:
(i) χ∞(M,N) = 0 if dimM + dimN < dimR,
(ii) χ∞(M,N) > 0, if M is Cohen–Macaulay and dimM + dimN = dimR, and
(iii) α∞(M,N) is a rational number.
When M is not Cohen–Macaulay (ii) fails to hold even in low-dimensions—this
was demonstrated by the counterexample in [11]. Thus the positivity of χ∞(M,N),
when both M and N are of finite projective dimension, M is not Cohen–Macaulay and
dimM + dimN = dimR, has been and still is one of the central issues in intersection
multiplicity. Its importance has been bolstered by the fact that over complete intersections
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positivity conjecture over complete intersections.
Unless otherwise mentioned, we assume that both modules M and N have finite
projective dimension over R.
Our main theorem in Section 1 is the following.
1.2. Theorem.
(a) Let R be Cohen–Macaulay. Then (1) the vanishing holds for χ and (2) the positivity
part is valid for χ when one of the intersecting modules is Cohen–Macaulay, if for
every pair of perfect modules (Cohen–Macaulay and of finite projective dimension)
Q, T such that (Q⊗ T ) < ∞ and dimQ+ dimT = dimR we have

(
Fn(Q)⊗R T
)= pndimT (Q⊗R T ). (∗)
(b) If R is a complete intersection, (∗) holds.
As a corollary we deduce that on complete intersections χ∞(M,N) = χ(M,N).
In Section 2, our main focus is on positivity as well as non-negativity for both χ and
χ∞. First, we prove the following theorem.
2.1. Theorem. In order to study positivity and non-negativity for both χ and χ∞ over
Gorenstein rings it is enough to assume depthM = dimM − 1 and depthN = dimN − 1.
Our next theorem gives a criteria for positivity as well as non-negativity of χ∞ on
Gorenstein rings.
2.2. Theorem. With M , N and R as above, χ∞(M,N) > 0 ( 0), if
lim
n→∞ 
(
TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
))
/pndimN
> () lim
n→∞
(
Fn
(
Exts+1R (M,R)
)⊗R N)/pndimN,
here s = dimN .
We use the above two theorems (and a few steps in the proof of the second theorem)
to prove in 2.3 (Corollary 1) that, if a specific length is zero asymptotically (see definition
in 2.3), χ∞ is non-negative over Gorenstein rings for modules M with dimM  2. This
implies (Corollary 2 (2.3)) the non-negativity of χ(M,N) over complete intersections
when dimM  2, provided the above “length” condition is satisfied. In Proposition 2.4
we use Corollary 1 (2.3) to derive similar results over Gorenstein rings R with dimR  5.
In all these cases positivity will be assured provided certain limit is positive instead of
being non-negative. (See last step of proof of Corollary 1.) I strongly suspect that this limit
is positive; however I still do not have a proof.
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in characteristic 0 can be reduced to the positive characteristics. Our main tools are Artin’s
Approximation Theorem [1] and the technique of reduction introduced by Peskine and
Szpiro [17]. We use the method introduced in [9] for reducing the problem from complete
smooth case to the finitely generated (over a field or a discrete valuation ring) smooth case
and refer to several steps in the proof of Theorem 3.6 in [9] for our proof of Theorem 3.4
here.
A brief history
In Algebré Locale [20], Serre conjectured that both vanishing and positivity part are
valid over regular local rings. He proved the conjecture [20] for equicharacteristic and
unramified regular rings. Later Roberts [18,19] and Gillet and Soulè [14] independently
proved the vanishing part; Roberts’ proof covers the above case over complete intersections
when both modules have finite projective dimension. In the mid-nineties Gabber [3] proved
the non-negativity part over regular local rings. The non-validity of the generalized Serre’s
conjecture over non-smooth hypersurfaces was first demonstrated by a counter-example
constructed in [11] by Hochster, McLaughlin and this author. The vanishing part over
Gorenstein rings R with dimR  5 was also demonstrated by this author in [8]. Foxby
established positivity over a local ring when grade of M = 1 (here N may not be of finite
projective dimension!) [12]. This author proved the following special case of positivity
over regular local rings [7]: p is a non-zero divisor on M , M is Cohen–Macaulay and
ptN = 0. Later it was extended by Kurano and Roberts [15].
We will need the following result in our work. For a proof we refer the reader to
Theorem 1.5 in [6].
Result 2. Let R be a local ring in characteristic p > 0 and suppose that dimension of R
is d . Let F• be a complex of finitely generated free modules with finite length homology
modules. Let N be a finitely generated R-module. Let Wjn denote the j th homology of
HomR(Fn(F•),N). We have the following.
(i) If dimN < dimR, then limn→∞ (Wjn)/pnd = 0.
(ii) If dimN = dimR, and
(a) j < d , then limn→∞ (Wjn)/pnd = 0;
(b) j = d , then limn→∞ (Wdn)/pnd = limn→∞ (Fn(H0(F•)) ⊗ N˜)/pnd (which is
positive), and
(c) j > d , then limn→∞ (Wjn)/pnd = limn→∞ (Hj−d(F n(F•)) ⊗ N˜)/pnd .
Throughout this work all rings are local and all modules are finitely generated unless
otherwise mentioned. We concentrate mainly on the situation where both modules M and
N have finite projective dimension and (M ⊗R N) < ∞. In Sections 1 and 2 the local
ring R has characteristic p > 0. However, Lemma 1.1 and Theorem 2.1 are valid in any
characteristic.
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1.1. Lemma. Let R be Cohen–Macaulay. For the vanishing part to be valid over R it is
enough to consider the case when pdR M < ∞, (M ⊗R N) < ∞, M and N are Cohen–
Macaulay and dimM + dimN = dimR − 1.
Proof. For the vanishing to hold we need to show that χ(M ′,N ′) = 0 for any pair of
modules M ′, N ′ such that (M ′ ⊗N ′) < ∞, dimM ′ + dimN ′ < dimR and pdR M ′ < ∞.
Since R is Cohen–Macaulay, the above conditions imply that ht annR M ′ + ht annR N ′ >
dimR and annR M ′ + annR N ′ is m-primary where m is the maximal ideal of R. Let
{x1, . . . , xt } be a maximal R-sequence contained in annR N ′ such that (M ′/xM ′) < ∞.
Here x denotes the ideal generated by {x1, . . . , xt }. Any short exact sequence
0 →N1 → (R/x)α0 →N ′ → 0
implies that χ(M ′,N ′) = −χ(M ′,N1), depthN1 = depthN ′ + 1 and dimN1 = dimN ′.
Thus, after a finite number of steps, we obtain modules Ms,Nr such that Ms,Nr are
Cohen–Macaulay and dimMs = dimM ′, dimNr = N ′ and χ(Ms,Nr) = χ(M ′,N ′).
Since t > dimM ′, we consider R-sequences {x1, . . . , xi} contained in annNr , such that
(Ms/(x1, . . . , xi)Ms) < ∞ and dimM ′ + 1 i  t . Now consider a short exact sequence
of the type:
0 → Nr+1 →
ar⊕
1
R/(x1, . . . , xt−1) → Nr → 0.
Then χ(Ms,Nr) = −χ(Ms,Nr+1), Nr+1 is Cohen–Macaulay and dimNr+1 = dimNr +1.
Applying this method a finite number of times, we obtain our required M,N . 
1.2. Theorem.
(a) Let R be Cohen–Macaulay. Then (1) the vanishing holds for χ and (2) the positivity is
valid for χ when one of the intersecting modules is Cohen–Macaulay, if for any pair
of perfect modules Q, T such that (Q⊗R T ) < ∞ and dimQ+ dimT = dimR, we
have

(
Fn(Q)⊗R T
)= pndimT (Q⊗R T ). (∗)
(b) (∗) in part (a) is valid over local complete intersections.
Proof. (a) Vanishing. By Lemma 1.1, it is enough to prove the following: Let M and N be
two perfect modules such that (M ⊗R N) < ∞, and dimM + dimN = dimR − 1; then
χ(M,N) = 0. Let {x1, . . . , xt } be an R-sequence contained in annR N such that t = dimM
and (M/xM) < ∞. Consider the exact sequence
0 → T → (R/x)r →N → 0.
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dimR/x. By hypothesis (Fn(M) ⊗R T ) = pns(M ⊗R T ) and (Fn(M)⊗R (R/x)r ) =
pns(M ⊗R (R/x)r). Hence χ(Fn(M),N) = pnsχ(M,N).
Thus χ∞(M,N) = χ(M,N). On the other hand, by Result 1, we have χ∞(M,N) = 0.
Hence χ(M,N) = 0.
Positivity. Let M be perfect. Let N be an R-module such that (M ⊗R N) < ∞,
pdR N < ∞, and dimM + dimN = dimR. By considering a free resolution of N over
R/x truncated at the right spot
0 → T → (R/x)cr → ·· · → (R/x)c0 → N → 0
where x denotes the ideal generated by a maximal R-sequence contained in annR N such
that (M/xM) < ∞ and T is perfect, we obtain (by hypothesis)
χ
(
Fn(M),N
)= pnsχ(M,N), where s = dimN = codimM.
Thus χ∞(M,N) = χ(M,N). On the other hand by Proposition 1.2 [6] or by Result 1 we
have χ∞(M,N) > 0. Thus χ(M,N) > 0.
(b) For this part we use local Chern characters, the Riemann–Roch theorem (due to
Fulton and MacPherson) and the compatibility of local Chern characters with the Frobenius
functor [19]. Let Q and T be two perfect modules such that (Q ⊗ T ) < ∞, dimQ = r ,
dimT = s and dimQ+ dimT = dimR. Let F• be a minimal free resolution of Q and G•
be a minimal free resolution of T . Then Fn(F •) is a minimal free resolution of Fn(Q).
Note that Tori (F n(Q),T ) = 0 for i > 0.
Hence

(
Fn(Q) ⊗R T
)= χ(Fn(F •)⊗R G•)= ch(Fn(F•)) ch(G•)(τ (A))
=
∑
chi
(
Fn(F•)
)
chd−i (G•)[A] = chs F n(F•) chr (G•)[A]
= pns chs(F•) ch(G•)[A] = pnsχ(F• ⊗G•) = pns(Q⊗R T ).
(For notations, see [13,19].) 
Corollary. Let R be local complete intersection. Let M , N be two finitely generated R-mo-
dules such that pdR M < ∞, pdR N < ∞, (M ⊗R N) < ∞ and dimM +dimN  dimR.
Then χ∞(M,N) = χ(M,N).
Proof. When dimM + dimN < dimR, χ∞(M,N) = 0 = χ(M,N). So, we can assume
dimM + dimN = dimR. Let r = heightannR M = dimN . Choose {x1, . . . , xr}, an
R-sequence contained in annR M , such that (N/xN) < ∞. Here x denotes the ideal
(x1, . . . , xr). Write R = R/x . Consider an exact sequence
0 → T →Rts → Rts−1 → ·· · →Rt0 →M → 0
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obtain our required result from the above theorem. 
One can also give an independent proof of the result in the corollary by arguing as in
the proof of part (b) of the above theorem.
Remarks. (1) I believe that the length equality in Theorem 1.2 can be proved without using
local Chern characters—though I am not able to produce such a proof at present!
(2) The relation (∗) of part (a) does not hold good in general over Cohen–Macaulay
(counterexample due to Roberts [19]) or Gorenstein rings (counterexample due to Miller
and Singh [16]).
2. Section
In this section we study positivity for pairs of modules both having finite projective
dimension. We first state a theorem, due to Auslander and Bridger (Theorem 4.26 [2]).
Theorem. Let M be a finitely-generated module over a Gorenstein ring R. There exists a
short exact sequence
0 →L →M ⊕Rt → Q→ 0,
where Q is a module with pdR Q< ∞ and L is a maximal Cohen–Macaulay module.
We use this result to prove our next theorem.
2.1. Theorem. Let (R,m) be a Gorenstein ring and suppose that pdR M < ∞, pdR N <
∞. In order to prove the positivity for χ(M,N) it is enough to assume that depthM 
dimM − 1, depthN  dimN − 1, (M ⊗R N) < ∞ and dimM + dimN = dimR.
Proof. Let us start with any M,N . Let dimM = r and dimN = s and I = annR M . Since
(M ⊗R N) < ∞ and r + s = n, it follows that I contains an R-sequence {x1, . . . , xs}
which forms a system of parameters for N . We write R = R/(x1, . . . , xs). If pdR M < ∞,
rankR M is defined to be the rankS−1M , where S denotes the set of non-zero divisors
of R; this rank is well defined as finite projective dimension of M forces each MP to
have the same rank over RP for each minimal prime ideal of P of R. From the exact
sequence 0 → Rd → M → H → 0, where dimH < dimM and d = rankR M , it follows
that χ(M,N) = dχ(R,N) > 0. So we assume pdR M = ∞. By the theorem stated above,
we obtain an exact sequence
0 →L → Rt ⊕M → Q→ 0, (1)
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R. If dimension Q = dimR, let d ′ = rankR Q, we obtain an exact sequence
0 → Rd ′ →Q → Q′ → 0, (2)
where Q′ is a module of finite projective dimension over R and dimQ′ < dimR. Now
from
0
R
d ′
0 L Rt ⊕M Q 0
Q′
0
we obtain the following short exact sequence:
0 → L⊕Rd ′ →Rt ⊕M →Q′ → 0.
This shows that we can assume dimQ< dimR in (1) and hence χ(Q,N) = 0 (by an easy
spectral sequence argument). From (1) we obtain χ(M,N) = −χ(Rt ,N) + χ(L,N ). On
the other hand, since rank of L t we obtain the following short exact sequence:
0 → Rt →L →M ′ → 0.
This gives us χ(M ′,N) = χ(L,N) − χ(Rt ,N). Thus χ(M,N) = χ(M ′,N), where
depthM ′  dimM − 1.
Now repeating the same process with N we obtain an N ′ such that χ(M ′,N ′) =
χ(M ′,N) and depthN ′  dimN ′ − 1. Thus the desired result follows. 
Remarks. (1) The above theorem is valid even if pdR N = ∞.
(2) Similar result holds for positivity of χ∞.
(3) If depthM ′ = dimM ′, i.e., M ′ is Cohen–Macaulay, we have χ∞(M ′,N ′) > 0 by
Result 1. Hence we concentrate on the case when depthM ′ = dimM ′ − 1 and depthN ′ =
dimN ′ − 1.
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(M ⊗N) < ∞, pdR M < ∞, pdR N < ∞, depthM = dimM − 1, depthN = dimN − 1
and dimM + dimN = dimR. Then χ∞(M,N) > 0 ( 0) if
lim
n→∞ 
(
TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
))
/pns > () lim
n→∞
(
Fn
(
Exts+1R (M,R)
)⊗R N)/pns ,
here s = dimN .
Proof. Let r = dimM , s = dimN ; then r + s = d = dimR.
Since depthM + depthN = dimR − 2, TorRi (F n(M),N) = 0 for i > 2.
Let
F• : 0 → Ras+1 φs+1−−−→ Ras φs−→ · · · → Ra0 → 0
be a minimal free resolution of M . Then
Fn(F•) : 0 →Ras+1 φ
[pn]
s+1−−−→Ras → ·· · → Ra0 → 0
is a minimal free resolution of Fn(M) (φ[pn]i is the matrix obtained from φi by raising
its entries to pnth power). Write Fn(Gs) = cokerφ[p
n]∗
s , where (−)∗ = HomR(−,R). We
obtain two short exact sequences
0 → ExtsR
(
Fn(M),R
)→ Fn(Gs) → Imφ[pn]∗s+1 → 0 and
0 → Imφ[pn]∗s+1 → Ras+1 → Fn
(
Exts+1R (M,R)
)→ 0. (1)
By Result 2, we have the following
lim
n→∞ 
(
ExtsR
(
Fn(M),N
))
/pns = lim
n→∞ 
(
Fn(M)⊗R N
)
/pns,
lim
n→∞ 
(
Fn
(
Exts+1R (M,R)
)⊗R N)/pns = lim
n→∞ 
(
TorR1
(
Fn(M),N
))
/pns, (2)
and
0 = lim
n→∞ 
(
TorR2
(
Fn(M),N
))
/pns .
(To see this, let I = annR N . Write R = R/I . Then Fn(F•) ⊗ N = FnR¯(F•) ⊗R N where
F• = F• ⊗R. Note that (Hi(F•)) < ∞ for i  0. Now we apply Result 2.)
Also note that, by Result 2, we have:
lim
n→∞
(
TorRi
(
Fn(Gs),N
))
/pns = lim
n→∞ Ext
s−i
R
(
Fn(M),N
)
/pns = 0 for i > 0. (3)
Now, from the short exact sequences in (1), we obtain the following exact sequence
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(
Fn
(
Exts+1R (M,R)
)
,N
) αn−→ ExtsR
(
Fn(M),R
)⊗N
βn−→ ExtsR
(
Fn(M),N
) γn−→ TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
)→ 0. (4)
Note that limn→∞ (Kerαn)/pnd = 0 by (3). Hence by (2), (3) and (4) we have
χ∞(M,N) = lim
n→∞
1
pns
[

(
ExtsR
(
Fn(M),N
))− (Exts+1R
(
Fn(M),N
))]
 lim
n→∞
1
pns
[

(
TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
))
− (Fn(Exts+1R (M,R)
)⊗R N)].
Thus the theorem is proved. 
Remark. The criteria mentioned above for positivity fails to hold when pdR N = ∞. For
this we refer the reader to the counterexample in [11].
2.3. A definition and corollaries to the above theorem.
Definition. Let R be a local Gorenstein ring. We say that R satisfies the “length” condition
if the following holds: For any pair of finitely generated R modules M , N of finite
projective dimension such that (M ⊗R N) < ∞, dimM = 2, dimN = s, s + 2 = dimR,
depthM = dimM − 1 and depthN = dimN − 1,
lim
n→∞ 
(
Ext3(N,R) ⊗H 0m
(
Fn
(
Exts+1(M,R)
))∨)
/pns = 0.
For any module T , T ∨ = HomR(T ,E), where E is the injective hull of the residue field.
Corollary 1. Let R be a Gorenstein local ring and suppose that R satisfies the “length”
condition. Let M,N be two modules of finite projective dimension such that (M ⊗R N) <
∞ and dimM + dimN = dimR. Suppose that dimM  2. Then χ∞(M,N) 0.
Proof. By Theorem 2.1 we can assume depthM = dimM − 1 and depthN = dimN − 1.
Write s = dimN . Since dimM  2, dim Exts+1(M,R)  1. The same is true for
dimFn(Exts+1(M,R))(= Exts+1(F n(M),R)). Hence χ(N,Fn(Exts+1(M,R))) = 0
(Proposition 1.3 [4]). Since depthN = s − 1 = dimR − dimM − 1 dimR − 3, we can
assume depthN = dimR−3 (for depthN = dimR−2 = dimN ⇒ N is Cohen–Macaulay
and this case is easily verifiable). Thus we have
χ
(
Fn
(
Exts+1R (M,R)
)
,N
)=
3∑
i=0

(
TorRi
(
Fn
(
Exts+1R (M,R),N
)))= 0.
However,
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(
TorR3
(
Fn
(
Exts+1R (M,R)
)
,N
)
,R
)

 Ext3(N,Extd(Fn(Exts+1R (M,R)
)
,R
))

 Ext3R(N,R) ⊗R Extd
(
Fn
(
Exts+1R (M,R)
)
,R
)
.
Since dimN = s and depthN = s−1 = dimR−3, we have pdR N = 3 and dim Ext3(N,R)
< s. Hence, by our assumption, limn→∞ (TorR3 (F n(Ext
s+1
R (M,R)),N))/p
ns = 0.
Thus, from the above equation, we obtain
lim
n→∞
1
pns
[

(
Fn
(
Exts+1R (M,R)
)⊗R N)− (TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
))
+ (TorR2
(
Fn
(
Exts+1R (M,R)
)
,N
))]= 0. (5)
Hence from (2), (3), (4) in the proof of Theorem 2.2 and from (5) above we obtain
χ∞(M,N) = lim
n→∞
1
pns
[

(
ExtsR
(
Fn(M),N
))− (Fn(Exts+1R (M,R)
)⊗N)]
= lim
n→∞
1
pns
[

(
TorR1
(
Fn
(
Exts+1R (M,R)
)
,N
))+ (ExtsR
(
Fn(M),R
)⊗R N)
− (TorR2
(
Fn
(
Exts+1R (M,R)
)
,N
))− (Fn(Exts+1R (M,R)
)⊗R N)]
= lim
n→∞
1
pns
[

(
ExtsR
(
Fn(M),R
)⊗R N)]
 0. 
Remark. I strongly feel that the above limit is positive, but I still do not have a proof!
Corollary 2. Let R be a complete intersection and let M , N be as in Corollary 1. Suppose
that R satisfies the “length” condition. Then χ(M,N) 0.
Proof follows easily from the above corollary and the fact that on complete intersection
χ∞(M,N) = χ(M,N) for the above set-up (Corollary to Theorem 1.2, Section 1).
2.4. Proposition. Let R be Gorenstein with dimR  5. Then vanishing holds. Non-
negativity will also hold provided R satisfies the “length” condition.
Proof. For vanishing, we refer the reader to Theorem 1 in [8].
For positivity of χ(M,N), can assume depthM = dimM − 1, depthN = dimN − 1,
dimM + dimN = 5 (Theorem 2.1).
If dimM = 1, dimN = 4 and we are done by Foxby’s theorem.
So the main case to be studied is when dimM = 2, dimN = 3. Then
χ
(
Fn(M),N
)= ∑
dimR/P=dimM=2

(
Fn(M)P
)
χ(R/P,N)P∈AssR(M)
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we have (Fn(M)P ) = p3n(MP ) (since htp = 3, RP is a 3-dimensional Gorenstein ring
and MP is a module of finite length and finite projective dimension over Rp). Thus
χ
(
Fn(M),N
)= p3n∑(MP )χ(R/P,N) = p3nχ(M,N).
Thus χ∞(M,N) = χ(M,N).
Now we are done by Corollary 1. 
3. Section
The main theorem, we want to prove in this section, is the following:
3.1. Theorem. Let B be a local ring of characteristic 0 and let M , N be two finitely
generated B-modules such that
(i) pdB M < ∞, and pdB N < ∞,
(ii) (M ⊗B N) < ∞, and
(iii) dimM + dimN  dimB .
Then there exists a local ring B ′ of characteristic p > 0 and two finitely generated B ′-
modules M ′, N ′ of finite projective dimension such that (M ′ ⊗B ′ N ′) < ∞, dimM ′ +
dimN ′  dimB ′ and χB ′(M ′,N ′) has the same sign as χB(M,N). Moreover if B is local
complete intersection (Gorenstein, Cohen–Macaulay, etc.), B ′ can also be chosen to be the
same.
We will prove this theorem in two steps. The carry-over of the structure of B , i.e.,
Gorenstein, etc. to B ′ will be clear from our proof.
Step 1.
3.2. Proposition. Let A be a local ring of characteristic 0, essentially of finite type over
a field k. Let M , N be two finitely generated A-modules of finite projective dimension
such that (M ⊗A N) < ∞ and dimM + dimN  dimA. Then there exist a local ring
A′ of characteristic p > 0, essentially of finite type over a finite field and a pair of finitely
generated A′-modules M ′, N ′ of finite projective dimension such that (M ′ ⊗A′ N ′) < ∞,
dimM ′ + dimN ′  dimA′ and χA′(M ′,N ′) has the same sign as χA(M,N).
Proof. The proof of this theorem follows immediately from Peskine–Szpiro’s work
in [17]. Arguing exactly as in Lemmas 2.2, 2.3 and 2.4 in the proof of Theorem 2.1 in
the above paper we obtain our required result. We leave the details to the reader. 
Step 2. Here we would like to reduce intersection multiplicity from equicharacteristic com-
plete local case to the localized affine-algebra case. Our main tool here is Artin’s Approxi-
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i.e., S = Aˆ/Jˆ , where Aˆ = k[[x1, . . . , xd ]], a power series ring in d variables, k—a field
and Jˆ is an ideal of Aˆ, say Jˆ = (f1, . . . , f). Write A = k[x1, . . . , xd ](x1,...,xd), Ah = the
henselization of A. Recall that Ah = limn∈β An, where each An is an étale neighbourhood
of A. We know, by Artin’s Approximation Theorem, that Ah is an approximation ring, i.e.
given any system of equations F1 = 0, . . . ,Fr = 0, Fi ∈ A[Y1, . . . , Yu], if the system has
a solution xˆ1, . . . , xˆu in Aˆ, then for every t > 0, the system has a solution x(t)1 , . . . , x
(t)
u in
Ah such that x(t)i ≡ xˆi mod mˆt , ∀i , 1 i  u. Since, for any such system of equations, any
solution consists of finite number of elements, we can always assume that these x(t)i s lie in
An for some n ∈ β . We will use this fact to reduce our problem to a similar problem on a
local ring R, essentially finite type over k. We achieve this by closely following the steps
worked out in Section 3 of [9].
We start with a theorem and a corollary, both due to Peskine and Szpiro.
3.3. Theorem [17, 6.2]. Let V be a field or an excellent d.v.r., and let A be a local ring of
essentially finite type over V . Let Aˆ denote the completion of A with respect to the maximal
ideal m of A. Let M be a finitely generated module of finite projective dimension. Consider
a minimal free resolution of M over Aˆ:
0 → Lr → Lr−1 → ·· · → L1 →L0 →M → 0.
Then, for every integer c, there exists an exact complex:
0 → Pr → Pr−1 → ·· · → P1 → P0,
of finitely generated free modules over Ah such that P• ⊗Ah (Ah/mcAh) = L• ⊗Aˆ
(Aˆ/mcAˆ).
Corollary [17, 6.3]. Let A, M be as above. Then for every integer c, there exists an n ∈ I
and an An-module Mn of finite projective dimension such that
(i) Mn/mcMn 
 M/mcM .
(ii) pdAn Mn = pdAˆ M .
For proof, we refer the reader to [17]. Note that the complex P• in the theorem, can also
be considered as a complex over An, for some n ∈ I .
We now return to our notations described in the beginning of this section.
Notation. Given t > 0, let g1, . . . , g ∈ An, for some n ∈ β , be such that gi ≡ fi mod mˆt .
We denote by Rn the local ring An/(g1, . . . , g), and by mn the maximal ideal of Rn.
In such a case Rn/mtn 
 S/mt . Note that Rn is not necessarily unique and it is of
essentially finite type over k. Moreover, by Theorem 3.3, we have depthRn = depthS and
TorAn(Rn,An/mt ) 
 TorAˆ(S, Aˆ/mˆt ) for i  0.i An i
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a local ring Rn and a finitely generated module Mn over Rn such that Mn/mtnMn 

M/mtM .
Proof. Since M is an Aˆ module, ∃Mn over An such that Mn/mtAnMn = M/mtM(Corollary, Theorem 3.3). Here mAn denotes the maximal ideal of An. We need to assure
that Mn is an Rn-module. For that, it is enough to approximate the equations involved in
the following commutative diagram of exact sequences
⊕r
1 Aˆ

ψ
Aˆr
id
Sr 0
Aˆs Aˆr M 0
(∗)
where Aˆ → Aˆ is defined by ei → fi . 
Remark. By our construction, TorAni (Mn,An/m
t
An
) 
 TorAˆi (M, Aˆ/mˆt ).
3.5. Proposition. Let 0 → N → M → T → 0 be an exact sequence of finitely generated
S-modules. Then, for every integer t , there exists an n ∈ β and an exact sequence of finitely
generated Rn-modules
0 → Nn →Mn → Tn → 0
such that
(i) Nn/mtnNn 
 N/mtN , Mn/mtnMn 
 M/mtM and Tn/mtnTn 
 T/mt . Moreover,
TorAni (Nn,An/mAn) ≈ TorAˆi (N, Aˆ/mˆt ) for every i  0; similar isomorphisms holdfor M , Mn and T , Tn respectively.
(ii) If M is S-free of rank r , so is Mn over Rn.
Proof. The proof of Proposition 3.3 in [9] establishes the existence of Nn, Mn, Tn as
described above over An. In addition, imposing the solutions of equations in (∗) of the
above lemma for each of N , M and T , we are done. 
Corollary 1. Given a finite complex L• of finitely generated modules over S and a positive
integer t , we can find n ∈ β and a finite complex L•n of finitely generated modules over a
local ring Rn such that
(i) L• ⊗ S/mt 
 L•n ⊗Rn/mtn,
(ii) Hi(L•)⊗ S/mt 
 Hi(L•n)⊗Rn/mtn, and
(iii) when L• is a free-complex, so is L•n.
For a proof, break up L• into short exact sequences and apply the above proposition.
408 S.P. Dutta / Journal of Algebra 280 (2004) 394–411Corollary 2. Given an integer t , a finitely generated module M with pdS M < ∞ and F• a
finite free resolution of M over S, there exists an n ∈ β , a local ring Rn, a finitely generated
module Mn over Rn, and a finite free resolution F•n of Mn over Rn such that
(i) Mn/mtnMn 
 M/mtM , and
(ii) F•n ⊗Rn/mtn 
 F• ⊗ S/mt .
The proof follows easily from Corollary 1 above.
Remarks. (1) Let M be a finitely generated S-module. Let F• be a minimal free resolution
of M over S. Given any integer t > 0, n ∈ β , a local ring Rn and a finitely generated
Rn-module Mn, in order that a minimal free resolution F•n of Mn exists such that
F•n ⊗Rn/mtn 
 F• ⊗ S/mt , it is both necessary and sufficient that TorRni (Mn,Rn/mtn) 

TorSi (M,S/m
t), ∀i  0 functorially.
(2) When pdS M < ∞,the above remark implies that pdRn Mn < ∞, provided the above
Tor condition is satisfied; moreover in such a case depthRn Mn = depthS M .
3.6. Theorem. Let M , N be two finitely generated S-modules such that pdS M < ∞,
pdS N < ∞ and (M ⊗S N) < ∞. Then, for every integer t , there exists n ∈ β , a local
ring Rn, two finitely generated Rn-modules Mn, Nn such that
(i) pdRn Mn < ∞, pdRn Nn < ∞,
(ii) (Mn ⊗Rn Nn) < ∞, and
(iii) TorRni (Mn,Nn)⊗Rn Rn/mtn 
 TorSi (M,N)⊗ S/mt , ∀i  0.
Proof. Existence of Mn, Nn and (i) follows from Corollary 3.3. (ii) follows from similar
arguments as in Lemma 3.2.1 in [9]. Let F•, G• be minimal free resolutions of M and
N respectively over S and let F•n, G•n be corresponding minimal free resolutions of Mn
and Nn respectively over Rn. Then F•n ⊗Rn Rn/mtn 
 F• ⊗S S/mt , G•n ⊗Rn Rn/mtn 

G•⊗S S/mt , and (F•n⊗Rn G•n)⊗Rn Rn/mtn 
 (F• ⊗S G•)⊗S S/mt . Since (M⊗S N) <
∞ ((Mn ⊗Rn Nn) < ∞), we have (TorSi (M,N)) < ∞ ((TorRni (Mn,Nn)) < ∞) ∀i  0.
Let r = depthS. Then, by construction, r = depthRn, hence the possible highest value of i
such that TorSi (M,N)(Tor
Rn
i (Mn,Nn)) = 0 is r . Given F• ⊗S G•, we can construct a finite
complex L• of finitely generated S-modules
L• : 0 → T2r → L2r−1 → ·· · →Lr−1 → ·· · → L0 → 0
such that Lis are all free except T2r possibly, a map φ• :L• → (F• ⊗S G•) 1 such that
the mapping cone P• of φ• is exact—except at i = 0 and H0 (P•) = M ⊗S N . We have the
following diagram:
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φ2r−1
L2r−2
φ2r−2
· · · L0
φ0
0
0 (F• ⊗S G•)2r (F• ⊗S G•)r−1 · · · (F• ⊗S G•)1 (F• ⊗S G•)0 0
We denote the above diagram by (∗∗) (see Proposition 1.1 in [10]). 
Given an integer t > 0, we approximate (∗∗) over Rn for some n ∈ β , i.e., we obtain
(i) a complex L•n such that Li,n are all free except T2r,n, L•n ⊗Rn Rn/mtn 
 L• ⊗S S/mt
and Hi(L•n)⊗Rn Rn/mtn 
 Hi(L•)⊗S S/mt (Corollary 1 (3.5)).
(ii) ψ• :L•n → (F•n ⊗Rn G•n)1 such that if P•n denotes the mapping cone of ϕ•, then
P•n ⊗Rn/mtn 
 P• ⊗ S/mt and H0(P•n) = Mn ⊗Rn Nn. Now we make the following
claim.
Claim. P•n is exact except at i = 0 and H0(P•m) = Mn ⊗Rn Nn.
This claim proves our theorem, since exactness of mapping cone of ψ• implies
Hi+1(F•n⊗G•n) 
 Hi(L•n) for i  0 and hence TorRni (Mn,Nn)⊗Rn Rn/mtn 
 Hi(F•n⊗Rn
G•n) ⊗Rn Rn/mtn 
 Hi(L•n) ⊗Rn Rn/mtn) 
 Hi(L•) ⊗S S/mt = TorSi (M,N) ⊗S S/mt ,
for i  0.
Proof of Claim. Consider the diagram
0 T2r,n L2r−1,n
ψ2r−1
· · · Lr−1,n
ψr−1
· · · L0,n
ψ0
0
0 (F•n ⊗Rn G•n)2r · · · (F•n ⊗Rn G•n)r · · · (F•n ⊗Rn G•n)1 (F•n ⊗Rn G•n)0 0
Write Pi,n = (F•n ⊗Rn G•n)i ⊕Li−2,n. Then the mapping cone of ψ• can be written as
P•n : 0 → P2r+2,n → P2r+1,n → P2r,n → ·· · αr+1,n−−−−→ Pr+1,n → Pr,n → ·· ·
→ P1,n → P0,n → 0.
We have the following
(a) P•n ⊗Rn/mtn 
 P• ⊗ S/mt ,
(b) P• is exact except at i = 0, and
(c) P•n is exact for i > r + 1, and (Hi(P•n)) < ∞ for i  r + 1.
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lary 1 (3.5), and (i) and (ii) above, we have TorAni (Gr+1,n,An/mtn) 
 TorAˆi (Gr+1, Aˆ/mˆt )
for i  0. Hence by Remark 2 (3.5), we have
depthRn Gr+1,n = depthS Gr+1 = depth kerαr = r = depthS > 0.
Hence Hr+1(P•n) = 0 (since (Hr+1(P•n)) < ∞ and Hr+1(P•n) ↪→ Gr+1,n). Repeating
this argument a finite number of times, we obtain our claim. 
We next prove our final result.
3.7. Theorem. Let S be as above and let M and N be two finitely generated S-modules
such that
(i) (M ⊗S N) < ∞,
(ii) pdS M < ∞, pdS N < ∞, and
(iii) dimM + dimN  dimS.
Then ∃ a local ring R of essentially finite type over k, a pair of finitely generated modules
M ′, N ′ over R such that
(i) (M ′ ⊗R N ′) < ∞,
(ii) pdR M ′ < ∞, pdR N ′ < ∞,
(iii) dimM ′ + dimN ′  dimR and χR(M ′,N ′) 0 according as χS(M,N) 0.
Proof. Choose t  0 such that mt(M ⊗S N) = 0. By Theorem 3.6, with respect
to this t , ∃n ∈ β , a local ring Rn and a pair of Rn-modules Mn, Nn such that
TorRni (Mn,Nn) ⊗ Rn/mtn 
 TorSi (M,N) ⊗ S/mt for ∀i  0. Since mt(M ⊗S N) = 0,
we have mt TorSi (M,N) = 0 and mtn TorRni (Mn,Nn) = 0∀i  0. Thus χRn(Mn,Nn)  0,
according as χS(M,N) 0. 
Remark. The above proof works equally well in the mixed characteristics.
Proof of Theorem 3.1. Combining Theorem 3.7 and Proposition 3.2 we obtain our
required proof. Note that for intersection multiplicity, one can always assume that B is
complete. 
Remark. Similar result holds good for the strong intersection conjecture of Peskine and
Szpiro (i.e., if pdB M < ∞ and (M ⊗B N) < ∞, then dimN  gradeM).
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